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B1E TIOES(E

1.1 TREAHL 0EE
1.2 Gerschgorin DFEE

-
EE 1.2.1 (Gershgorin, 1931) A = (a;;) € M(n;C) IZR L
A ZZ’GM (1=1,2,-,n)
7
LB L, ADlAEIZ, MDA

U{z € C;lz —ay| <A}

i=1

ZEFEFns,
N

SERR  (OVRE [11), (AR 2] ¥ 2R E, m

A DARY FILPEE < max Z|aij].
7=1

1<i<n £

B =D i l2DoW»T

{z € Cslz —aa| <N} C{z € Cilz| < au| + A} = {z € C; |2 <D |ay;|}

DI VDO EICHERETIUIHS 2, =

IR

THID/IVAIKCET ZEREAVEIEE AT N EARER0LUD Al Ty
FVD VA | loo EMIZL TR E05, AXT FILVERELDRZVHAEL Y (R 4314 %2

X)) =



~
EHE 1.2.3 (Gershgorin OEE (3EWE)) A = (a;;) € M(n;C) @ n MHDMIAHE /\1,\
vy Ny (EEIEAEIZEEEZ TR L T 5) 13,

Di={z€Cilz—ay| <A}, M=) layl (i=1,2,- n)
j=1
J#i

TELIND n lOMEE Dy, -, D, DEHES UL D; DFERERTOHIC, 202
Kﬁﬁ?%ﬂﬂé@'%&b:%bbﬁf“)@i ns,

SEEA (M [11) 22 R K, ) m

1.3 1THOREBDOER(E

1.3.1 Frobenius DTEE
IR B D BRI (H1 2 12ER [26]) ICROEHDH %,

EE 1.3.1 (Frobenius DEE) A %= n KIEG1TH. A OFlffEZ (BEEEE T T)
a1, g, oy O, $72 f(2) € Clz] (Clz] BERRBEHEAREZERDT) LT2LE, f(A)
DEAMEIE (BEEEETONT) f(a), -, fla,) TH 5,

EE 1.3.2 REPH f(2) = Zanx” DIHEREDS r T, oyl <7 (i =1,2,---,n) %25 IF,
fm)@ﬁﬁ@uﬂmxugﬂzgﬁ%%o
# 1.3.3 (KETTFIDEFIE)

01 0 -0 apg ap a2 - Qp-1
00 1 -0 Apn—1 Qo @1 An—2
A et - o™
0 1 ) e ag ay
ro .- 00 a1 a2 an—1 Qo

C= aoj + alA + CLQAQ + -+ Cln_lAn_l
L7%%, A DOBEAEI

W' (j=0,1,2,---,n—1), w—exp(

2w/ —1
n
Thsr0r6, C OIEHEMIZ

ap + a1’ 4 asw¥ 4 -+ 4y W™ (5=0,1,2,---,n—1)m
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1.3.2 ARZY7 MNIVE&REIE
. EWEOEEILOSIBEED TEREMRNT, oHED>SBIHT 3,
T OB f(T) %2 OGBS ERE LT, BEEEEBI%L £ o RECHE & B £(T)

DRBEGEE & DD H 2 O FIEEARZ E% T % @3 . —HRICYERSRERT (op-
erational calculus) &9, T & f OHFHPHADZEN J: DA DBERDID 5 D3,

UTFRENRSbD 2 222, 1) T % Hilbert Fa‘ﬁ X oo HaREfEE
. T— /’Aﬂq)%%@x&arwﬁ%aﬁéoﬂ»%@%ﬁ@ﬂﬂ%ﬁa

T5EE, / WA(ENz,z) < 00 £%% 2 € X LT, (f(Tz,y) =

/'f ) kT [T ZERTIUE, [(T) BEAERZIC A,

Aﬂﬁﬁﬁﬁbio i) (af + Bg)(T) D af(T)+ Bg(T); ii) (fg)(T) D f(T)g(T)

i) £(T) = f(T). & IBIZIE g WERZSIE, 1), i) THEEPED LD, 2) X

##5% Banach %[, T € B(X) & L. o(T) OEfEcIEHI 2B D &% F(T)
o fFEFM) ITHLT, o(T) ZWHICE TR C 2 &> T,

1) = 3= [ FORET)ar
LT, f(T)e B(X) TH3, f,ge F(T) THHEE, Lidi), i) 3%5%
boTRD LD, 7, iv) fe F(T') T f(T') = f(T). ZOBDORETIFLIFL
\¥ Dunford #4%5 (Dunford integral) & Xi3¥#1 5, T € B(X) WWHCREMED & Z i
X, 2D 2O2DEEIZ TS, 1),2) WTNDEAICEWTH AR MNLER
EE (spectral mapping theorem) o(f(T)) = f(o(T)) D3L Y LD,

fhDFHDEHFEMNT & LT, T BEHEOFREOEREARTH 256K L
Db 5 (— MEHFEDORE FERITEA),

1.4 Rayleigh DJR¥E, min-max JRIE

-
EE 1.4.1 (Rayleigh @) A % Hermite {741, 2 #£0 &35 & &,

Ra(z) def. (Av,z) 2*Ax

(r,2)  z*z

% Rayleigh B (Rayleigh quotient) M5, 22T a* =77 (HEXT7 FILZEKEL

7B 7 V).




a N
EIE 1.4.2 (Rayleigh OJRE) A % Hermit f75l& 3% & &, Rayleigh i Ra(z) =

(Az,2)/(z,x) &, WAEHAME N KETEEXY PV o KEXoTRADERD, 20
B/AMEIZRANDOEAE N, TH %:

m;gl Ra(z) = Ra(xy) = A Di/DMEGEE ;.
N J
bEAA, KNZE AW Z 7o TRy (2) R KEGME N\, BT AEAX7 PV x, ITX-

TIRAREZRD, ZDRMNMEZRARDEAE N\, TH 51 DKL,

4 B N
I 1.4.3 (Fischer-Poincaré D= « ¥y 7 A[FE) A % n X Hermite 78], A\ <
<N ZZORBAEETHEE, VEE{1,2,-,n} ITRLT

. (Az, z)
A = min max
Vi i C" 0 k Xt eeVi\{0} (2, )

Kl
hsifg>SM (x € Cm\ {0}).
N ’ Y,

Z OfinE % Courant-Fischer D S = « = v 7 AT LIFERIAND,

4 - N
EIE 1.4.4 (Courant-Weyl DYV I R « SZ[REE) A %Z n X Hermite {750, A\ <--- <
A\, ZZDEAEEETZEE, VEe {1,2,,n} ITHLT

py— max min (Au, u)
S Cn @ k— 1 Ko %m ues\{0} (u,u)
N )

1.5 LYILRYBMCEDEFHDT — BITRGED KRV —

(MEfih — B 212, K20 [33] REERR X, )



F2EH WALICBEATHIXE

(COEDMEICOWVT, GHHDOH D ZHSPI L TEEY, )

2.1 1ER1TH

4 N
EE 2.1.1 (EERTI) A€ M(n;C) D35
AA* = A"A
Zid & &, A ZIEMTTI (normal matrix) TH 5 &9, J
[;ﬁ 2.1.2 Hermite 741, unitary 75 IERBTIITH %, j

SEER A %% Hermite 1771 & A* = A, A 2% unitary {79 & A*A = AA* =1 TH A0 6HS

2> W
a k o ‘ ™
% 2.1.3 A€ M(n;C) DIEBATIITSD % 7= & DLEEN7r54F 13
|Az| = [[A"z]| (x € C™).
(2L, Iyl vy TH B, )
N J

AEEA () m

EE 2.1.4 (Toeplitz) A € M(n;C) 2% unitary 17512 & > TRHANT E % 72 O DHEEA
IHEME A DBIERATIITH 5 2 L TH %,

I (%) m



a )
fnE 2.1.5 A, € M(n;C), Ay € M(n;C), ---, A, € M(n;C) 23, —2D unitary {171

& o TR AL S 1L 5 7 & DREAI7 5 1EL 2m D175

A17A>{7A27A;7 e AmaA:n

Kﬁﬁmmﬁﬁﬂ%&ikf%%o

SEEA (M) m

% 2.1.6 [IEBATI] A l2DWT,

A 73 Hermite & A DEAMHEIZ T X THEE,

A D% unitary & A OEGEIE T X THONMEDY 1 DEFELL,

EE 2.1.7 HEHEEATIIOEICBIRDO 7 Fuy =035 %,

(CESE R — HEEH

Hermite {741 (FERFRTH) — FEH

1A Hermite 178 (IEEXRTAI) «+—  1E%K

7 Hermite 1741 (SE22fR4741) —  HHREEL

unitary {741 (FEESATH) > AfHE 1 OEFEE

4 - )
MR8 2.1.8 A= B +iC (B, C ¥ Hermite f741) & 3UZ,

L A DIERIATS < BC = CB.

~
Rl 2.1.9 LD A€ GL(n;C) X
A= HU, H IZ1EfE Hermite 741, U & unitary {751

ktwﬁ%m~%%m%bém%o

AN

AN

4 ~
finRg 2.1.10 A, ---, A, 7 Hermite {75195 &

YAI=0 & A=0 (j=12---,m)
=1




-
RE 2.1.11 [EHATH A DAY MV orfE%

T

A= NP

J=1
LT B EE (% Pix N ICBT 2 A 2R~ O T,
P+P+---+P. =1 PP,=0 (j#k)

ZiiT). A" DARY bIVoRIZ

ThEZ6N %,
£7 f(z) € Cla] ITRL T, f(A) DAXRT FILITfEIE

FA4) =D AP

P ESLFF L P2P=P, P* =P Zilid L,
N

10



B3R 1TIDREREDER

3.1 [HEEDIEOER

Ae M(n,m;R) OB Z r £§% &, n K unitary 1790 U & m X unitary 1751 V 237
fEL T,

(3.1) A = USV*,

D Orm—r .
> = (O O’ )’ D = diag(oy,---,0,), 01>202>--->0,.>0

Eir 5,
(3.1) % A DISREDMR, 0, (i=1,2,---,1) % A DBERE LTS,

A*A = (USV)H(USV?) = VISV
THHNG,

D2 Or,m—r

VFATAV = 3% =
( Onfr,r Onfr,mfr

) . D? =diag((c1)%, -+, (0,)?).

w21

[A DR FYEIZ A*A DIFFREFMED /- IZFEL LV DI P Vi3 A*A DOEH~7 b }boj

s
AA* = (USVH)USVY) = USS U,
D? O, ., _
U'AAU = XX7F = rmer
( OTL-T,T‘ On—?“,m—?" ) ’
THDHINPH,

[A DR FEIZ AA* DIFFEMEFHED /- 1IZFEL S U DI FLid AA* DREHR7 F}I/o]

3.2 HEREOAN
COEIZFH [11] Ik 5,

11



a N
il 3.2.1 (1) Ae M(m,n;C) DF iz 0y >0y > - >0,>0 (r=rankA>1) &

T2LE,
Alls = 01 = IRKFEAE, || Allr = \/m

(|- fl BXZ VD NVLIZ 2R VAZERH L7 SOITHIOMEFE VAL |- |k
F7RR=ZT R LA ETD, )

(2) Ae GL(n;C) DR EEZ 0y >0y > >0,>0 ETHLEZE,

01

1
|det Al =010, ||A7 2= " condy(A) = —.

n Un

W=7 K - 2 ob s, FHRIO P,
- J

BEE £
(A"A)" = A*(A")" = A% A,

(A*Ax,z) = (A, Ar) = || Az||* > 0.
THDE06, AAIFEEMETH 2,

Az, Az) (A*Azx, x)
il = sup L5 =sup [0 050 =g [0 = A ORI = 017 = o

AR IC
Az, 2 1
At = sup ” = =
R PR 07 PR P17
w20 [yl
-1
o (A*Ay,y) = - -1
_ WAy - M) = 2y —
( 21/1%’ 1) (\/AAO)Hi/J\ﬁfL) ( (Un)> -

W 212
(o)
condy(A) = [|Aflo| A2 = =

n

ST, Ae GL(n;C) L T25¢, rankA =n THH06, FEEOEEREDNL, DD n X
unitary 174 Q1, Qy D3FEEL T,

01
QAQ =

On
o
det(QEAQ,) Hg]

12



det Q5 de = -
t Q1 det A
||a~
-

j=1

uni y £ 1
I ZIN ¥

|det A| = ﬁ
=|]o;. =
i

13



FAaT BERTARIZNILETHO/ILLA

4.1 X7ZBMILVD/IVLA

DFK=RFEFALIFK=CELT, V=K"¥tEL, VIZARIHKE K LOFRIIZERH
(X7 FIVZE], linear space, vector space) DREIGE % £,

a N
T 4.1.1 (/IA, JIVLZER) kK Loy v cEsInsaBE |- |V oz—
|z|]| € R 23, RO=FMrz2mizdTEE, B |- |3V D/ VLATHLE V), (ZDE
SV E| | ZHICLTEZL (V-] 13 K LD /7 VL% (/)L LIIER) ©H 5
L9,

i) Ve e VIZHLT ||z >0 T, =0« ||z]| =0.
(ii) Ve e K, Vo € VIZX LT ||cz|| = |||z

(iii) Yz € V, Yy € VIS LT |lz +y| < ||lz]| + |l¥l.-

-

AN

EER 412 (BR/IWL, pFER/IWVL, I—TVYER - JIVL) X7 L 2 = : €

T

K" pell,oo)U{oo} ICNLT, 2 DpF/NL (HBVIZHIT p /LD |zf, &

n 1/p
def. (Z |33i’p) (1<p<oo)

||$||OO = i=1

max [z (p = o0)

\T\‘%&)%O FRCp=2D,E2—27Yy N/ )VAh p=00 DEZIHR/ VL EDIES,

[ﬁ%4¢3p/wApruKﬂw/wA?%éagpgum j

SR WG (R THS ) m

M R2ICEWT |||, (1<p<oo) ITBYT % HALBR
{z e R% |z, <1}
ZRRE X (D7 Ed p=1,2 c0c DHEADKZHET),

14



Bl 4.1.4 W % n KIERITSL, || - || 2 R* D/ VA ET D EE,

def.

[ellw =" [Wz]| (z € R")

T llw ZEDZE, THIFR D/ VA EED, BT W PIEONARY % RO RS
Thb:
W = diag[dy,do,---,dy,], di>0 (i=1,2,---,n)

DLEBRAENS, »

4.2 BERXT/ILOEIEME

4 h
EE 4.2.1 (JIVLADRIEY) k K EOXZ s VER YV EOZ2D 7 va |||, |||
A

(3M > 0) (3m > 0) (Vz € K™) s.t. mz| < || < M|z|.

k%ﬁ?&?\Z@:o@/»Aﬁﬁmmﬁﬁ?%akw%

ZZTERL VADRENEIZ VO 2 [FAERIRTH %,
Bl 4.2.2 K" D7V |-, |- ll2s || - 1 12T, fiHEIZ

2]l < [l2ll2 < Vl|2]loo,

[2]loo < [l2]l1 < 1|20
DREDZDS . || loos |- llos || - |1 FFAMETH 2, m
FEix, ARXITGR 7 FIVEROEED —OD ) )V AIZHWICFEETH 2 2 E2EFHTE 3,

HWE 4.2.3 K" EOEED VA ||| LT, XRAZMTIER C BHEET 5,

[zl < Cllellz (z € K7).

REEA B 0 T D AN 1 T, MDRTIE 0 TH S (BT 525 j BT HS Kronecker O 7 )L %
5ij THDH) R M%&) LT BHE

< j{:Ixij4J||<i1nax|ay|j£2|k¥ﬂ||—-HmHa3§E:He | < (EE:HGJ)H> [[]l2-
j=1

]l = e

C=> lleV|
j=1

15



fifE 4.2.4 K" DIEED V4 || - || 1T LT,
mllzlly < [lz]l < Mllzfly (2 € K7)

DR LD K ) RIEE M, m DIHETS %,

SEER K AC/VA ||| 25N B MR A L CTH R B, BT S S {2 € K |2, =
1V idav 7 b Th D (BT EDORR). LowiEd ¢ 285 &,

[lzll = llyll| < llz =yl < Cllz =
THZH, |- & (-] 26EFE 2 HEEEICEIL ) dfBfiThd 5, @2,
m =min ||, M = max|jz]
PIFHET 5, 29 LT,
m< |z <M (Jz)s =1 % 2EED « € K7)
DEINDL, TNDLEHIC
mlzll < llell < Mall2 (2 € K")

DI NIDZ D335, m

EE 4.2.5 (ARRTARY MIVEROERD /IILLADOREYE) K OEEO 25D/ V4
GHWIZFETS 5,

SEEA  LoffiEIC L > THL D, =

4.3 T80/ ILLA

K DEFZRZRTET 5 n RIETTIREOLES M(n; K) 13 K D%t (fRE) O
2R,

16



e N
EE 4.3.1 (T9ID/IL) M(n; K) ETERI NS |- || M(n; K) > A ||A| €R
D3, ROWMGEMFzmi7-deE, BB -] 3 M(n; K) D/ VATHS L),

(i) VA€ M(n; K) ISR LT A >0 T, A=0< ||A] =0.
(ii) Ve € K, VA € M(n; K) I8 LT ||cA| = |c[||A].-
(ii) VA € M(n; K), VB € M(n; K) oL T

1A+ Bl < [|A]l + |B]].

(iv) VAe M(n; K), VB € M(n; K) IZRL T

[AB| < [[A[l[|B]-
\_ /)

ER 4.3.2 X7 FVEMO VA LT (1), (D), (i) 20 2ERT 2 2 L%,
M(n;K) TIIEOERINVLDT, # (A, B) — AB O#EELZRIET 2 7212 (iv) HH
RKLTEBLSDTH S,

F433 | | DB Mn;K) D/ NVATHLH0IE, BHATIHI T O/ Vaid 1 M ETH %!

1]} = 1.

RLEA
]| = (|22} < [[Z]I[I1]
THDIN, 140 %BDT|I|| >0 IKHERETSE
1]} > 1

PESINS, =

s D
EE 4.3.4 (RT MO/ ILLERITBFND/ VL) K* D/ VA |||, M(n; K)
IV || eDwnT

[Az]| < A=l (A € M(n; K), z € K")

BRD DL E, || |- T S e,

Bl 4.3.5 (ZARZIR « /ILL)

n o n 1/2
|Alr e ( Z\azj!2> = /trace(A*A)
i=1 j=1

17



TERIND | |p 1& M(n; K) D/ VAL thk?, 2z 7027 A+ /)LL (Frobenius
norm) &S (=7 Yy F« VA ERSELHZ), K" D2—7 Yy K- /b (2%
JIVD) || le EfFFID 70 R=T A« 2V L ||p BHEWICHNT 2, $4bb

[Az([y < [[Allpllzll. (2 € K™)
DR D V2D (T 4L Schwarz DAERD GFFHTE 2), =

Frobenius / VA IEEHE T 2 DDMEHHZZD, ||I|| = /n THH, HE DT T v (#
TRZ2EIIEHE/ VLTI I =1 £k 32),

EE 4.3.6 (ARYT MILERE) 1741 A DEGHEOMHEMEDRAMEZ A DART MLEE
(spectrum radius) EWFON, r(A) TEDT,

ER 4.3.7 (AR MIERZERDIEEICOWVWT) A DART FIVERD I L% p(A) £
Il T TED LTV EARS LA, MAEMED A7 FVEmIcE T, FFRICLIFLIL
p(A) XHREHZE ADLY LRV k- &y b

p(A) L {2 e CHERE (2] — A DT 3 )
EROTEOIHEbND (bRHICZOMES 0(A) L C\ pA) 1F A DARI ML (spec-
trum) EMFIEN D) DT, TITTIEART FAERIE r(Ad) EwI)idsTERbT I LICTLL
(HEHMNEELSTERVERY)), oARZFTL & ZIFBEALEVI L,

Bl 4.3.8 FEEDRT v o 2> 6 TS 5 I IE
Tjy1 = A[Ej

B 0 1CUUR T 5 72 0 DAEE4r 5 E 1% r(A) < 1. (Z3UE A @ Jordan EHES 2% 2 0UEd ¢
3% WIZISKH 33] £ &, )m

i 4.3.9 NI MLD/ VLA EMILT BTN/ IVALABARY VR ETHS) DX
CEL—=DD K" D/ )VA ||| EWMNETE M(n; K) D/ VA ||| 122w T

r(A) < A" (A € M(n; K)).

SEEA A % A DIEEOBEIGMETEEE, WMIBT 2 ADEERZ bV 2 #£0 %205 &,
(Allz]l = [[Az]l = [[Az] < [ A]|]
L0
Al < [IA]I"
s r(A) <Al =
(LDOMEIE r(A) FXT7 PV JIVAEWNLT 2751 VAD TR 2525 2 L 2BRT
5203, FIFTRZ2E52%, FR[15] IKH D, )

Lo M(n; K) % K7 EHRICH-BT2LE, || lp 2BPEY ©D2—2 0y F - 2L || CHIGT 5
ZEiLkBoTHAI,

18



AR 4.3.10 LoarEITHOEEEDFAERHIAZ 2 RELICHIZ2 HMICHHTES: A D
EROBEAEME N 1I22W»T

A < ||A]" ie. Ae{zeC;lz| <A}

Bz 5 L
o(A) C{z € C;[z| < [IA]'}-

(b B AHA, Gershgorin DEMZ M > 727K DBEIHNONETHA I, m

Kﬁ%4311K”®/»AH-H%mwT\ h
[4llp = sup [l Azl (A € M(n: K)
EBLE | lop & M K) D2 VLIS, oy || & || llop EHEWICHT 5,
2%
L 4] < | Allop 2] )
LA WG (KIROBIBITOBREICH - TH 2 ), =
N

-
EEK 4.3.12 (fTHIOEAFR/ VL) KP D/ Vs |- || IR L T,

def.
[Allop =" sup [|Az| (A€ M(n; K))

[[=]|<1

TEED Mn;K) D/ VA | -0, Z¥EAR/ VL (operator norm) £7:1ZBR/ILA
(natural norm) & PSS,

J

4 N
% 4.3.13 (EZFEAROERR/ILALIR 1 IEFELW) M(n; K) DIEEOEHFE /LA |-
| lexF LT

1] = 1.
N y

R ||Zz] = llz]l &Y 1]l = sup |[Iz]| = sup [z] =1. m

ll=l<1 [lz]|<1

% 4.3.14 (EAR/ IWALRBARIT MIVERERELDKEW) M(n; K) DIEEOIEHZE V4
|- . A7 PR LD HRE W

r(A) <[JAl (A€ M(n; K)).

EFBR HE 439 D% TH5, m
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AR 4.3.15 fFHE/ NVLDZ ER TARTZBFL s JVA ) EIERZELHBD, ZOET
1, ATHNID 2/ VL || s DT EZR TART FL e Vb L) FETIERZ LICT 52,

4 . N
EE 4.3.16 X7 MLD pF/ VL |- ||, KHIET BEAZ/ VLALEE |||, TEDT,

def.
|All, =" sup [|Az][,.

llzllp<1

Frlcp=20DLZE, ||Ala Z ADAXRT FL+ /L L EWES,
N y

TAIDZER] M (n; K) D/ )V AIZDWTH (N7 FVZEH K™ O/ )V A ERFRIC) FEN: 2
ERT B EDHELD, TRTD/ LV AFHGICHA[EICZ>TLEY) (M(n;K) & K7 %
HARICHE T2 2 L TESD, ZORHT, 70D/ VAIERT FVD VLI 50
5). BIZIR

1
—|A o9 <||A < A 00
\/ﬁll oo < |A]l2 < Vnl|A]
1
—=lAllr < [[All2 < [JA]le-
vn

RO || - |, (p =1, 2, oo) DFHIEICEHT 25D TH %, FHliOHHINSF ) &
=1, co DEEDEHRZD, IWH L p=2 OLEENEELD T, ZHRUIO>VTHL L%
T5bITTH %,

22D ) OHFEDEALIFRLHETH 5,

20



-
Rl 4.3.17 ITTiE AT, A 322 A OLE (a;), Hermite Hf% (aj;) 28RH T,

(1) K" DIEED /Wb | -], VA € M(n; K) 12X LT,

Az
sup ||Az|| = sup ||Az| = sup H H
le<1 lell=1 w0 ||7]

(K™ D3ERIOCZERTH 5 2 &5, WIND sup FEIF max TH 5, )

(2) VA = (ai;) € M(n; K) ISR LT,

1<j<n 1<i<n

n n
IAll: = max > a;], Al = max > |ay.
P P

nro
1A I = 14" = [ Alle, 1A%l = [[A" [l = [|A]l1-

DI LD, FRIZ A DSNFTH F 72 1% Hermite 17417 618

1Al = [[Allo-

|Alls = /7(AA*) = \/r(A*A) = /£ IE{E Hermite 1751 A* A DK AE.
A BETIITH 254, A* 13 A OEEEITH AT = (a;) 1Tfl172 5 7\,
(4)
1All2 < VA Al
FRiz A 2561750 % 721% Hermite {7517 & 1%
[All2 < [[Ally = [[Allo-
(5) A 2% Hermite 1140 TH % 75 51X,
[All2 = r(A).
(6) Q, Q' % unitary f3791E 2 & &,

1QAQ'l2 = |All2,  |QAQ|[F = [|AllF.

\_

SEEA
(1) ARYITH S 2270 D THEBIE,

21



(2) 1 /NWLDEGE) EED e K™ ITX LT,

n n

Jarl = S| <D ol gl < ma oy Z o1 = s ) -,

i=1 =
THHHN5
(41 A < mas o
—Ji
s, =l 1
ETBE, =€, IZHLT
1Azl = [[Aesll = llasll = max fla;]]x

ThiH6, EiF (4.1) 1FFSTHRILT S:

1Al = max fla [l = max Z |zl

1<5< 1<j<n

(00 / VA DB

n

E CLZ‘jZEj

J=1

IMmm=g%;

n n
< max <Zl |ai;| |5L’j|> < lngl%zllam [Ed P
J= J=

THHNG,
14]loe < max Z |aij -
—Ji. Byl % § :
121%>;21|az’j| = lay]
p =
TEDS L&,

o 1 (a[j Z 0)
A —1 (a]j < O)

Tx=(v1,20, 1) ZEDDE, 2|, =1T,

n

E :afjxj -
J=1

J=1

n
[Alloe > [|AZ]loc = max >

a..x.
nax |3 ai;

Jj=1

n
=3 Jag | = max zw.
j=1

W Z 12
n
Hmu=qggzywﬁ
j:

22



(3) £ A*A \FFIEEE Hermite {751 TH 5 2 & 2R L TE L (Hermite {741 TH S Z &
FH ST, (A*Az, z) = (Ax, Az) > 0),

Al = sup 1A _ g, JUARAD) o AR D) o BT = r(A° A).
w0 lzll2 az0 || (7,7) 240 (z,7)

B#E» 5 ZOHDESIX, Wb 5 Rayleigh DJFHTH 2 (EH 1.4.2 ZH X),
(4)

1]l = Vr(A*4) < VA Al < VAL ADL < VA<l AL

(5) A OEAETEE Ay, - Ay ET2EE, A'A = AA = A2 DA (A2 -, (\)? &
5,

= ‘2: .
4l = /e )" = mx Il o

M 4.3.18 (EMATIIDANRY ML« VLGRS MVERIZZEULW) A 23IEHAS
(e. A*A=AA") TH2H5IE
|All2 = r(A).

SEER A 13dH % unitary 1750 Q IZ X > THANLTE 5:

Q*AQ = diag(M, -, An) 2 D.

Q*A*Q = D*.
W 212
QA" AQ = (Q*A"Q)(Q"AQ) = D*D = diag(\P, -, Af?).
o A*A X DD ERICEAME (M - [\* 22, WA
2
r(A*A) = max |\|* = (max |/\j|) =r(A)%

1<j<n 1<j<n

|Alle = /1r(A*A) =7(A). =
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B5E EI1XAEXDRERRT

5.1 HEEZONOHHEERINICOWTEERZESE

(— [10] Z R X, )

HEEDOBRICAET 2 ADIAZ T 5 &, FERITIIRZE) £ 2 EBL0DEN, B
FZWEL ZD T3NSR, WL RBEBNICR S I 2285w, EFRT 205EHIR 2
7z,

von Neumann and Goldstein, FEAZOfTHIDBUERYIF Ry (1947) — FEAR e (A
HE) BAEMENTC Gauss DIHEIEZ BT L 721, 2Tz {E L % & 100 TR D R
ZfRE DIFHERN EZEZ SN 5D, EERITIIELBITLE ),

:®ﬁ%%%&bt@ﬁ\Mﬂmmmm?wﬁnf%éoﬁi&ﬁﬂﬁﬁﬁwiﬁ%mw
T, M1 TRz i ORI 2 BURRICENT L <. ZoREICT Y 200 e, ROfSEE
7Rt A D2 I

m/b@%““m&%%mbtew%wﬁﬁﬁf X EAETRTOEAIZE,
HRIRAEDVNZ S 25 2 EDMEEEE N, HlA 1R

16 = Az.|
LAl

772 LG T B N B DRI B En KT TH B & LT,

<pp7",

EWVIBDTHB, COETIE, INZRDHILICLT, BlIn s HEICERTAIE
L9,

DYk
(BR2BH5) BREMNNSSTH, REDBNSWERRIEShEW !
FRETINOEREHHNNMS ThIE, RENNSKBBENMFRIASN S,
DORTH 5,

'S BIC, TOUKOL LTI TEf 13 10 THRED I L2 F ) 6 L, BEDFEMINIL, iz 1
RITBAZAFHLVIEHH D2 Ea—8 =TS DBENLS SVRELE STV LR WTHA ), Z
T OWTE, 8 [10] 2 & 12 fizHidr 2 &2 #io v,

2Roundmg errors in algebraic plrocess7 1963

BZORFFLDMOEVE D LPRICA D AS 275 ) D, FE/NUREDOERIE, A —N—T7n—07
F—70—%2iRhd LT HWRNLL 7 =PRI DBL2HDENS, HHEEE T2,
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BWRBREMITEE 7 1 XN Ar = b 2B/ N BUEET TR, L. HooRb DIz, 12 HEv,
T, DRFONDD, THFICOMEERBE L M, #l21E (A+ Ad)x, = (b+ Ab) DIFMERRICR STV &
RIETIENTESL, 2HLT

o &9\ EEHRTHDOMIZ L > TV 20

o BENEOMIZL>TVEDE 5L, HOME LU T3 Z EI2R 5 h

S At
e
S
HO

EEBEPIMIND LD, UTOHITIE, ZOREDHTZII 2 LItk s,

52 FHHOER

/E% 5.2.1 (ERIfTHIDORMEE) ERITH A &, LREOITHI VA || - || Ik L T,
1AL A7
% A DZHE (condition number) &MY, cond(A) TEDLT:
cond(A) = || A]| - A7

\/ WLELTp R/ NVL |-, FZ2MHS EZIE, cond,(A) TEDT, )

4 N
iRE 5.2.2 (FHBOEXNEE) A 2 n RIEHITIIE T2 & &,
(1) cond(A) > 1.
(2) cond(A) = cond(A™1).
(3) Va € C\ {0} IZHA L T cond(awA) = cond(A).
g \ {0} ( (4) J

E:
(1)
cond(A) = [[A[[[[ATH| > [[AATY| = [[1]| > 1.
(2) (AN 1= A THZPS,
cond(A™H) = [[ATY[[(AT) 7Y = |ATYIJA]l = [[All[[A7]] = cond(A).
(3) (@A) =a 1Al TH B Z LICHEET UL

cond(ad) = [[aA[[[(acd) | = |of[Afl|a| AT = [JAIIIAT]| = cond(A). =

FE 5.2.3 LORIH2S, VA% DOED T, ZNCHETIEMEEZ S L E, R/ME
\Z cond(l) TH 5, fEED AN 7 — 1751 ol DFEMABUZ cond(I) 125 L v, BTEAT S, i
A EES L TEHZE 7 LA IZBWTIE, cond(l) =1 TH D6, 1EHFE VL DMK
1 ETHEZ BT 5,

25




fiRE 5.2.4 A, B Ldlc n RIESTAIE T LS

cond(AB) < cond(A)cond(B).

slLBA
cond(AB) = | AB||[[(AB) || = [|AB|[|B~" A7 < [|AI[IB[[[IB~*I|A™'[| = cond(A)cond(B). m
4 N

fnRg 5.2.5 (1) fEEDIEHIZNMA1T4] D = diaglar, ag, - -, a,) 22T cond,(D) =
max |a;|/ min |a;| (1 <p < 00).

(2) unitary 1741 U 122\ T condy(U) = 1.

(3) T % n X unitary f1ol& 5 & &, fEED A€ GL(n;C) ITAL T

g condy(A) = condy(AT') = condy(T'A) = condy(T*AT). J

RLEEA
(1) (1<p<oo0 DHBDHRT, p=oco DHEBFRKTH S, )
TR VL |-, ERZ PAD VA |||, EWNET 56, i 439 kb
max |a;| = (D) < |ID],

BREoND, —5

n 1/p
1Dal, = (zmw)

j=1
n 1/p n 1/p
e )P — . |P = ,
< (2(1rgja§;!ajl\%|) ) max |a| (;IIJ! ) max [a||z,
Jj= Jj=
£0
< .
D], < fgfgﬂaay-
W Z (T
1Pl = max [a;].
L &% D! =diag(1/ay,---,1/a,) I L TIT> T
1 1
D7 = max — = ———.
1jsn |aj|  min |a;]
1<j<n
w212
pax fa
d,(D) = | D|,|D7Y|, = ==——.
condy(D) = [ D[ D™, = o
1<j<n
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2) U 2= V0 (UUF = U U = 1) £32 &, UL 224 V{lThHh, 225
FINERY FAD 2 ) VLEEABCDT, U]y = |U s = 1. ®ZIZ conds(U) =
[U/U 2 = 1.

(3) g (). w

19 A OFFEME & 12, 179 AA* OFEEEOEAFETBROETHE L ERLLIEE2HE
WEZ 9,

-
EIE 5.2.6 (ARITBIL - JILL |||, ICEAT2REBOEE) Ac GL(n;C) T 5,

(1) ADARZ L= 2V h |- |2 \CBIT 258K condy(A) 1& A DIRFFEAE & iR/ VY
RO TH %:

A DR DA ME

A DR EED I/ IME

condy(A) =

(2) KT A % Hermite {191 TH 256

A DA E D 0 iE D e KAl

- cond ) = D R DR RO R )

sEEA
(1) §TIciZXII

1

p— E ‘i _1 —
1All2 = A DERARIE, A7 2 = F7 e e

ThHoH5,
A DK
A Di/INRFERAE

(2) $TICHZ X912 A 2 Hermite 751 TH UK,

condy(A) =

|All2 = r(A) = A DA AEDIEXHED R KAE.
A7t (= A*) b Hermite 741 TH 2025

1Ay = r(A7Y) = AL DTS OMAHED A
— A OEBHEOUER LSO R AL
= (A OEHEHOE R

A DIE A fE D5 iE O f KAl
A DIEE E DB D e /Ml

condy(A) = [[A[|[[ A =
— D IEHIFTAI A 1I2DW T,
[All2 = V/r(A<A), A7 2 = V/r((AH) A
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i)

condy(A) = \/r(A*A)\/r((A-}

a N
i 5.2.7 (RRAEFEER/NEFEDL EFHBDBER) 7510/ Vans, 2l ld
—DODRYZ PVD VA EMNIL TSR 51E, 2D/ )VAICET 250405 cond(+) 1.
R 7% g

A O [EA i D i D e KAl

K cond(A) > A OEGHEOMENED E/IME )

REEA M 439 X0
[Al} = 7(A) = max [A].

Aeo(A)
FAlfRIC ,
A7 > = i [ —
| = ueril(i%l) ] )\renazg) A min ||
Ao (A)
W Z 12
/\ma(oj) |A|
€o
>
cond(A) > min N u
A€o (A)
ER 5.2.8 ZomED S —ﬁ’(ﬁﬂﬁﬂammf%of%&<f%)Eﬁ@@%ﬂﬁ@
A NESVEGIEE S #”‘5(?{)7(%1/375) —RITIFETIE R0,

Bl 5.2.9 (RAEEEER/NEBEDLIZNE WHEREHBIIKEZRTI) (2 DI Strang [30]
Ik %, ) FEAMEOMINEDORAME & RAMEDIIZ 1 TH 228, SR E 2175 D4

g (1100 (1 =100
0 1 0 1

AT A — 1 100 CAyTA 1 =100 |
100 10001 —100 10001
H IR L EA T
A2 —10002A+1=0

%DT
A = 5001 + v/50012 — 1 = 10002, 0.

condy(A) = /r(ATA)r((A-1)TA-1) = 10002.
(Z DA R L § 2383 1 RGBEAD DA DMROBE L IIXE T LT %, ).
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5.3 FHHOBENDEUAR

4 M
MR8 5.3.1 (BBDEHE) A € GL(n;C), AA € M(n;C), b € C*\ {0}, Abe C" IZD
W T

Ar=0b, Alx+Az)=>b+ Ab

DDV >TW3B EE,

™ ™
—— < cond(A)———.
fel = A g
\_
SFEl HREA 245 EEH T3 &
AAx = Ab
R ADS
Azx = A TAD.
Wz 1
lAal| < 1A~ [[128)].
—H Ar=0b &0
180 < Al
ThHHDH
1 _a
Tl < Tl
FLHb L A ) A
x _ b
122 < pamany - 140 = cona(a 1201

[ ol ol -

fnE 5.3.2 (IREITIIDEE (i) Az =0, (A+AA)(z+Az)=0b T HLE

|Az]]
|l + Azl —

AA
Ond(A)H

slEEA
(A+AA)(x+Ax) =D
DUBAIT S A 20l 5 &

(I+A'AA)(z+ Az) = A'b.

(x+ Az) + A'AA(z + Az) = 2.

Az = —A'AA(x + Az).
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w21

_ AA
lAz] < A IIAA] o + Ad]| = cond<A>M||x+Axn.

BIFHDBET NI LN, =
L OMEIZEFADEE 2, FEROEUPN VO REAEL I ko LE STV B EZANS
—DOTh b,

a N
inE 5.3.3 (fRETTIIDIRE (ii)) A € GL(n;C), AA € M(n;C), |[ATAA| < 1, Az =
b, A+ AA)(z+Az)=b tTBHLZ

|Az]] cond(4)  [|AA]
el = 1= ATt AAL [A]

B BiARTIDORO, AA%z E EESIEICT 5,

(A+E)(z+ Az) =b= Ax

»o
(A+ E)Az = —FEx.
RED S
A+ E=A(I+A'E)
bIEAITH 5,

A'E=F (I+F)'=@G

EBE, I=G+FG 25
|GII(L—[[F]) < [[I]| =1

ThD,
Ar = —(A+E) 'Ex = -GA 'Ex
" jac 12
Az E 1
< ||GINATH|E| < cond(A i |

* 5.3.4 (REUTHIOES (iii)) EomEDKEITMA T |[AHJAA| <1 %61E

[Az] _ cond(A) 1AAf
[zl = 1= cond(A)|AA][/[[AIl [ Al

fEE L OMEDFIRDITEHIDWT

AT AA| < [ATH[[AA] <1
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i)

| Az|| < cond(A) |AA]l < cond(A) IIAA]
[zl = 1—[ATTAA]l [J[Al — 1= [|lA7H[[AAf [lA]
cond(A) |AA
N |
1 —cond(A)[|[AA|/[A]l [IA]

790 (& D —MITIFRIBAIE ) O TSR, @ 2 L % Neumann fREE RS2, 20U
DWW TIIRDEEDIERNTH 5,

4 N
i’ 5.3.5 (Neumann #E#) G € M(N; K) 28 |G| < 1 27T 7% 513,

C= iG”
n=0

i/ VAR L (ie, Y [|G"] < co — M(N; K) 1& Banach %0 T, fHz0bD

ST ). "
I-O)C=CU-C)=1

BRSO, Thbb
[-GeGLN;K), (I-G)'=cC.

I X
I-0)Y < —nxm.
=67 < T

N J

iR X9
6"l < llGl* (neN)

THBP6, > ||IG"] FIHELHED (|G| A ERBIC RSO TIORT 5, WIS ) G

n=0 n=0 n=0

i/ VLIS 5, THI22H M(N; K) 1& Banach ZEHZDT Y G" BINHT %, {1508k
DEHERTH 5 T L ICEETIUL

n=0

[e.9]

cxf—G):cu4XL=§iG"—<§§cw>Gu:féG"—E:«w.GyziiG"—fianz.
n=0 n=0 n=0 n=0 n=1

n=0
INhs I—GeGLIN:K), (I-G)L=C. Wiz (I-G)C =1.

> 1
I—-G) Y =|C| < G|" = u
I1( ) =1 ;H | el
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EE 5.36 |G| <1 DD r(G) <1 &ELTH, LoMEDRED ||(I-G)™ | DiHiit
FRATT B, EBE (|G| < 1 2T Vb ||| DEAEDSGE 22 2650, M(N; K)
FEDTRTD VAP HCIZFETH 206, HB0IE, /Vazel vy TEYEARE
) AL FRECTH 2, m

ER 537 AWARELT, NG| <1 A5 D =) (-G)" &/ VANKLT, I+G ¢

GL(N; K), (I +G)™ = D, [[(1+6) ™ < 1/~ |G}

Neumann fREDOHIE X, THMTINICH0/N S 2B8 %2 5 2 72 b D ZEAIfTHITH % &
et 2 EMTE DD, BTV OR D IR D IEHETINI D W T OMEIC L 72 DR D EH
Th b,

e N
EI 5.3.8 (Banach OIFHTEIE) A € GL(N;C), AAc M(N;C), |[A'AA| <1 &F
E, A+ AAe€ GL(N;C) T,

-1
Ly o AT
k )

BB G = A7'AA EBCE, REXD ||G] <1 TH 5D 5, Neumann KRB DOHAHED 5

[ +G € GL(N; K),
1

1—|G]
282, A+ AA=AI+ATAA) = Al +G) TH 5256, A+AAe GL(N;K),

I +G)7l <

(A+AA) =T +G) A

Wz

lA7 AT

=Gl 1= ATTAA]l
ST, H RAGBAOBHOFEICRE > T, &) —BIVARIUSTEHTE 2 DIZROERT

H5 (LD OO I DEMDORE DALY ), Zd Wilkinson 12 Kk 5 #IRHA~E

fENT O L 52 505, KA - Rump MOMEMBITICB W TOEETH 5,

I(A+A)T < 1T+ &) THIIAT <

-
EE 5.3.9 (BAELFREBITIIDEE) A € GL(N;C), AA € M(N;C), Az = b, (A +
AA)(z + Az) =b+ Ab, |[ATTAA|| <1 & FUL,

lAq] cond(A) (IIAAH ||Ab||)
5.1 < + )

(5:1) Tl = T= cond()[ATAAN \ JAT T o]

\_ J

r(G)Y<1eo@)cB0;1)eo(l-G)CB(l;1)=I-G DFEfH#A0< I -G <cGL(n;C).
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ZEBH  Banach DEHEIEM 5 A+ AA € GL(N;C),

[

A+ A Y < ——— 2
A+ A4 < Ty

DIK D 3D,
(A+AA)(z+Az)=b+Ab Lt Arx=0b 25| EHT 2L

AAz + (A+ AA)Ax = Ab.
IN%E Az IZOWTHEL &
Az = (A+ AA)"Y(Ab — AAx).

WAD ) VL% 5T

1A~

Az|| < (A +AA)HAb — Adz|] < ————F——
Az < (A +A4)7| ol < AT

(A0l + [AA|[|]])-

W% ||z]| THIB &

ladl A7 ( ||Abu> lAlA- (HAAH |rAb||>
< AA|| + = - :
el = 1= aaaa) A5 ) = Topaaar AT TAfe]

i b)) < |lA||2] CHEET UL,

1Az [ANIA~" (HAAH | Ab]]

< = (5.1) Dfiillm
[zl = 1= JAZTAA[\ (A (]l )

ER 5.3.10 & [15] IKHZAHDOHZ LIFRD X H I > T3 (EDFEHD HIRTH %
EELTWwEY, 2H56IFIE5THIHY), — MRIZATH [+ G PIERITH UL

I+G)t=I-GUI+G)™
DAL T 55, 2o
II+G) N <1+G]- 1T+ &)

w21
(I=[GDHIT+G) M <1
&5, |G| <1 THUIHIDHE L T

1

I +G)7H < -

1G]
N L < -
ﬁﬁ:‘cﬁﬁ’]k&i%?ﬁ.lJrGfHG el ra
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(8 5.3.11 (BTFIDERIEE) A A1 AL ZEHGAIL T3 2 2
(1)

[(A+AA4)~ — A7Y|
I(A+AA)=H]

AA
< cond(A)H.

(2)

I(A+AA)~ — A7

il
e < cond() L (14 0(1a4]).

Al

-

RERR  (LLAR-ARI [35))
(1)
(A+AA)T - A = (A+AA)A— (A+AA)AT!
= —(A+AA)AAAT
£

I(A+AA)" =AY < [[(A+ A4 [AAIA7Y
[[aA]

= |[(A+AA) Y cond(A) T

(2) ETRAXYIC
(A+AA) - A = —(A+ AA)TTAAAT

Thb, CITAA=SO ETB L,

(A+AA) = [AT+ATAA)]T
= (I+A7'AA)~IA™

= (i(—A‘lAA)m> AT

= (I+B)A™,

7277 L

—h

BE N (ATIAA) = —ATTAA + (ATTAA? — -

m=1

BV, Wz I8

(A+AA) < L+ IBIDIAT = 1+ O(IAAIN A

6)—Aoe AA = O DEEZTEPIZZILED, bIBroEEZ L),
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nnro

A+ 84— A7 < A+ An T aaga”
< @+ o(laapAa|aa)|a’
AA _
< (+o(aapeond(a .

ko THA %2, n
Bl 5.3.12 (RUEID Strang DFIDFEE: |RK/TRN=1 IED. RHEBKEL. HEIDEEHKEFW)
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ETE 5,
NS

2 R BUTIN 2 R oAz 1 RO REUE, NS R FEIC R L TS 2 ek 5,
D BERIVEDHIE IZ R DE B 2 F v iud X,

o4



a N
EIE 9.1.3 (BHIMDHIE) n > 2, A= (a;) € M(n;C) T 2L E, RDOZEMIZAE
IZ[FAfETH %,

(i) A BBETH 5,
(ii) FEED 4, j (i # ) I LT, BY% 0, b9, - 0 €{1,2,---,n} ZIEALT,

Qiiy s Qiyigs """ Wiyj 7 0

kS,

)
A= (aij) € M(n;C) R LC, PRI E RS S Py, -, P, ZHUD (JJT‘ NS
FLETER), fTIDTNTOIEZESE o I LT, fif P, 25 fifd P 1c® | %
5, Tz A OBREMY Z 7 (finite directed graph) &9,

P, & Py %4 S0

DIHET 561X, COHRIMT T 7 2i8&EE (strongly connected) & I-55,

RIZASHTH S 9,

EE9.15n>2 Ac Mn;C) £T5LE, ROZFMHIIFAETH 5,
(i) A IZERITH 5,
(i) A DFEMZ 77 G(A) FHERETH %,
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9.2 EXATTI

[iﬂﬂﬁ 9.2.1 A= (a;) € M(n;C) £F %,
(1)

n
|aii\22aij (221,2,,71)
j=1
J#

Zid & &, Al (fTICBIL T f710) BT (diagonally dominant matrix)
TH5 LI,
(2)

n

\aii|>2aij (221,2,,71)
j=1

i
Zid EE, A X fTIBIL T 771M0) IRBEMAITI (strictly diagonally
dominant matrix) TH 5 L9,
(3) A BEEKD SB[ T, AR TH—2D i ITHL T

n

7
|CL,‘| > Z(lij

j=1
J#i

L AT EE, A IZBIWENA (irreducibly diagonally dominant) &9, )

EE 9.2.2 TEEENA = B2 OERNA) TR v 2 EITHEE,

EIE 9.2.3 A DEEREXNMAITIIO L E, YIAEKEEDARZ FLERIZ T L D/AZ WK
(WA ITY 2 BERIET 2),

REEA (BIAE, RS [21] 2R K, )m

[Eﬂ 9.2.4 (Levy-Desplanques) A 23BN 513 A ZIEAITH 5, ]

SEEA (AR 20 ZH X)) m

[Eﬂ 9.2.5 (Taussky) A SEERIBEXNZ%61X A ZIEAITS %, ]
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SEER (1A [20) Z LK) m

9.3 JFEETTII

-
EFE 9.3.1 (FERTTI. Z 1730, L 1750, EFRITI. M 1750) A = (a;) € M(m;R) &
¥ 5,

(1) fEED 4, j 122V T ay > 0D IO EE, A ZFETHEVL, LIELIFA>0
EERDLT,

(2) IENAFRI DT XT O THS, 2FD a; <0 (i #£J) BROVIDEE, A% Z
TolchH 5 LI,

(3) AW Z DD a;; >0 (i=1,2,---,n) 2T EE, A% LITHENS,
(4) ADSIERIT, A7 3IEEfTHICTH 5 & &, A 2 HFHT5 (monotone matrix) &9,

\(5) ADBHEHT 20 Ths LS, AT MITITHS L), )

a O
I 9.3.2 (Perron-Frobenius) A 2R IEEITIITH S & LT D (1) ~ (6) »3
DWRYASH

(1) A DARY POV r(A) IZIEST, A OHFEHIETH 5,

(2) r(A) KIEQEEGRZ b 2> 0 BRIET 3,
(R FABETH 2 EIF, HEHD >0 THBILET S, )

(3) A DIEREDHEZZHIMT 5 L r(A) BSHEINT 5,
(4) A DIEDREHRZ bV o ICHHIT 5,
(5) (A =r(A) %22 A OFEAME ) IZHHiTH 2,

(6) ANTE (Fbb, TRTOWRSD > 0) THBELIE. |\ =r(4) 52 A DG
A r(A) BUHZHETE L e\,

J

SEBA  Varga [31], fHEE [11]. m

8 9.3.3 1751 A € M(n; R) WHFATH % 7 O DT+ 350 1%

(9.1) Az > 0=z > 0.

o7



BEEE A DG THIUL, Az > 01T AP >0 2T e >0 #IT (9.1) DD ET
5 &,

Ar<0= 2 <0
bRDIODT, Av =0 = 2 =0 E»N, ADPIENTHZIEB0Hh 5, T5E5EMHF
(9.1) 1%

y>0= A"ly>0
tEEMZoNG, y=¢ (i=1,2,...,n) ET2E, A ORI 0 MULETH B I LR
INb, =

e - - R N
T 9.3.4 n X Z 1791 A = (a;;) 25 M AT51CH % 72 0 DA 3G 1E R D ZGeFD31K,
DNiDZ L ThH 3B,

a1
(2) D = diag(ai, -, ann) =  B=I-D'ALBLLE, BDAR

ann
7 FVERIE T K DAE v r(B) < 1.
N J

SEEA  {R-EF 21) p23 2 H X, =

EIE 9.3.5 n KIEATTH] A, a >0 1220V T, XD _EEZEMETH 3,

(i) a > r(A).

(i) al — A KIERIT (o — A)~' > O. }

SEEA  fR-[EF 21) p24 R X, =

EE 9.3.6 n XIEATTH] A 1T LT, ROEEIXFEMETH 5,
i) a>r(A) T AN TH 5,

(ii) af — A 23ERIT (af — A)~ > O.

SERA  {OR-HEF [21] p.25 #H K. =

4 . ‘
EE 9.3.7 Ac M(n;R) 23 Z 17075 61E, RO ZSEAMIAETH %,
(i) A ZIERIT A > 0.
(il) A ORAEENEDERT, DL diaglars, -, am), BE IT— DA LB L&,

B WEIEATTAIT #(B) < 1 %77,
- Wy,

o8



SEEA  {R-[EF [21) p25 R K, =

i 9.3.8 A= (a;;) € M(n;R) IZDWVTRD 2 FMEEFAMETH 5,
(1) A& M F5ITH 2,

(2) au>0(z:1,2,,n),aw§O(2#]),AEGL(TL,R),A*120

GERA g (BHEE [11] p267) 2 H Kk, =
-

iRl 9.3.9 n KIEAATH A EIEE p ISR LT, XD 6 FFEHWICFEETS 5,

(i) Vbe R, b >0 N LT, 32 >0s.t. (ul, — Az =Db.
(ii) 3z > 0s.t. (ul,, — A)z > 0.
(iii) p o> 00 DEZ (W AP = O.
(iv) 7(A) < p. (r(A) & A DARZ PVEETH D, )
(v) pl, — A DT XTOEEMTIIADMHEIZIETH 5,

(vi) pl, — Al pl, — A= LU (L \ZNAERI 1 TIENAERIZ <0 TH2 F=MAfT
Fl, U I3 AEENETIENAEEIX <0 Ths E=ATY]) & LU B3 s, )

SEEA W% (PR [11] pp.265-266) Z H X, =
791 B1lZ2WT, B 2 M {191 TH 5 72 O DMEAI75MF1E. B D3 LoamEO &M% 72
T A pZHOT B=pul —A £tRDOINBHILETH S,
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9.4 ZEHEICENSTIOIEAM
9.4.1 Gauss DHEEFZELCHSHT

[ —a
EIR 9.4.1 ROFEMH ()~ (iv) DTN 27 T8 A 1354
(92) a) £0, ag #0, -, al) #£0

() DSHUBIEIR 72 L D Gauss DM EEDOE Ry 1) 27§, foT A RIFHITSH %,

() CAAAOREERAII o > 3 lay| (1= 1,2,-,n).
g
(i) [BIHROBBERATTI] o] > > lagl G =1,2,+,n).

i=1
i#]

(iil)  DAFRER o A3 e ] %(A—l—AT) DIEEfE ie. 2T Ax = %.TT(A—FAT)x >0 (Vo #0).

L (iv) [Mf750] IERIT, a;; <0 (i £ ), AL > O (A~ OFEHEDIEA) )

9.4.2 BIHEWEAMICDOWT

EH 9.4.2 (Levy-Desplanques) n XIETH A = (a;;) DIREENA, T4hbD
|aii| > Z\%‘\ (1=1,2,--,n)
por

K’E‘?ﬁfc?‘&?%o CDOLEE, AIZENITS 3, )

s ™
TE 9.4.3 (ITHIDBIE) n KIEHTTH A = (a;) PEERITHZ E1E. n=1TH2D,
ROKM (1) 7320 EAMEAZME (1) 27T L Th 2 LERT 2.,

1. Z7£j (1 SZSH, 1 Sj Sn) &%&f CLZ'j #O VC%%Z’)\ ifﬁcj: aiilaim---ai7,,j %O
iz SRR B AR iy, - 0 (1 <y, ,0, <) DIFEET 5,

2. PRI n 1?5 Py, -, B, 2D, $RTCDIEFHEFK o, ICHLT, P, 256 P
I ) R 2 2RO X ) fEuE, Bohs s o7 (BRGAS S 7) hihE
ECThsd, Thbb, (TEORLZ i, jICDE, P, 25 P ICE LK

PPy, P P PP,
—, =, DIHET B,
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s }

EE 9.4.4 BRI n KIEHT A = (a;) D35AE

jail =) lay| (1<i<n)
o

PHEED 1OD i I20F |ag| > D ay
Jj=1
\ G#i

Ziized & &, BHUERATIIE » I,

-
[Eﬂ 9.4.5 (Taussky) BEFIENAITINIZIEHITH %,
[ﬁ%ﬁ 9.4.6 PEEEXNAZL L 151 M 1741TH %,

[ﬁ%ﬁ 9.4.7 MERIENAZ L4 Al M fslchh, AL >0 &imd,

NI N NN

9.5 ZEWATIIICOVWTOXE — HICEE(E
9.5.1 ZENEICHTHEKZ=ZEWATH

B %
0 1
B 1
1
1 0
%5 N RIES A E§ 5 & &, BIAMHEE NG 2EAX7 L
_ g L gTm 2w _ Njm \" .
uj—QcosN+1, wj—(smN+1,smN+1, ,smN+1) (j=1,2,---,N).
(FR-A2JE-=H [16] 2 X, )
HHrwIE, T %
-2 1
1 -2 1
T = . .
1 -2 1
1 =2
%% N XIESATAE§ 5 & &, BAMHEENIGT2EEX7 FLid
g (T o (eI BT NN,
Aj = —4sin (2(]\[—1—1))’ U](SIHN+1,SIHN+1, ,smN+1) (1=1,2,

(# Z1¥ Smith [29] # R X, )
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ER 951 fla)=1+2 LB E, T=f(B). $7cglx)=2—-1 8L, B=g(T). Th
26, B, T WTNhr—75IZ 20 TOERD &7 OfERIFEHICE»N 2,

def.

A= =T O LDU 43f#D3 Strang [30] IZ#> T 5,

2 -1
~1 2 -1
-1 2
~1
-1 2
1 2 1 -3
— -2 1 3 1
1-—n
e = N

st ()25 oo

9.5.2 PYP—RODIES — —K=ETIIDOEEE
N RIES4iH

(72721 be # 0) DEEAE, BAENZ LR

. . 2 . N .

Vs . c . T c AL c . Njm
v; = —sin —— — | sin - | sin

N+1 b N+1'\\Vb N+1" "\Vb N+1

(.]:17277N)

Aj = a+ 2v'be cos

(24 b Smith [29] 12H B, )

B2 o=005&%2iHTIE+oTH 5,
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ETBLE.2<i<N—-17%%ilcxL T,

i—1 . ) i+1 . .
c (e —1)gm c (e +1)gm
G bt A = e ( 5) in N +)i o (\fz?) in! N +)i

—2\/b_ccos JT < E) sin Al

N +1

A\ (i —1)jm (i+1)jm ks i
= C(\/%) [sin N+‘17 + sin N—f—i —QCOSNJ+1SinN]+1

i—1
= c (\/%) [sin(i — 1)0 + sin(i 4+ 1)0 — 2 cos O sinif] = 0.
(0 =jm/(N+1) EBWK, )

[ﬁjﬁc: LT bQ?Q = )\jl’l, CIN—_1 = )\jl’]\[ %)ZT_\"H:%O |

9.5.3 ®BBD =FWATIIDHEITH

n XIE1TH
1 -1
-1 2 -1
-1 2 -1
A= _
-1 2 -1
—1 2
DILTH %
n n—1 21
n—1 n-—1 2 1
A—IZ .
2 2
1 1
TH 5,

(b =n+1—max{i,j} CTEEEND B=(by) 7' AL IR b0, L)L ?)
b L DFFIBZENAD & 5 BBITIICH T, 2 DWFIIBBETSH 3 &IZRS AT &
DI 73,

9.5.4 Z=EWATIIOEEE
ZO/NEIONFIEILAR [20] 12X 5,
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N KIEJ5175
b1 C1
(05} bQ (&)

as by c3

Ap—1 bn—l Cp—1

an, by

WZOWTBL T D EDE D 32D,

4 h
W 9.5.2 ;20 (2<i<n) DEE, ADPNMAATRETH 2 7= D DML 5EMFIE, A
k@ﬂﬁﬁﬁ?&fﬁﬁﬁéikﬁ%éo y

4 N
$}953a #0((2<i<n) DEEF, FNMR_EHNAITI A OEEMHEIF, TN THEL
K%%ﬁ?%%o )

4 N
F954 a0, #0(2<i<n) D&E, ELNEZENMTI A OEAEIZ., TXTHREL
K%m@ﬁ?%%o )

4 N
R 9.5.5 A DFEGAMHIX a1, >0 (1<i<n—1) D& EMHERLEL (HE>T A IFX
FALTATEE). e < (1 <i<n—1) O& SMHRLZMEL (7> T A 1TxMAfAEE) <

b5,
N J
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BI0E TIDOFREGHICOVWT — RE -
IR - Fxam

H A BO2E 25 0EE Vol.7, No.3, 1997, pp.307-319 iZ#-> T\ 3
MRETAR, IR, HRER, 17500 &M OHEE ST O BE IR

Z5H7 %,

BX TA—=FTlE, 12 IVA || 1K 2150 D5M45 cond, (A) = || Al|L]|A7Y |, DH#E
ETEZID HH, HFRIIZ, LINPACK TERH ST 5 Cline et al. D7 4], B &
' LAPACK TEH STV % Hager DF5iE [5] A TH D, ZDAMEICBIT 208D
B4 I cifrbi, BIE, Hager DAEN - EDEN TR EINT WS (7,9, —H, &
DIETIE, AL - BARIC K 251 [17) BHIRCH SN TE D (FE&H o MANIIZIZ
EAEHIGINTVR), 51217 TR, DY A XN IWEGETH 208, TDIFED
LINPACK THRHSIN TV I HEL D BENTVE Z EMEHIN TS, 22T, 22T

X, 3 ODHEDMWREZ BEFRZ B L T L, EHICH 7> THIEZIEIRT 2 7- 0 DiE#H
525,

Hager WAE  "Hager OFiE B 1d, B2 HD 7NV ITY AL EFE-7 K EARD, MEA L
TOMBENTDFE 20 6 HpN b DTH 5,

[1] b:=(1/n,1/n,---,1/n), p:=0

2] Ax =0b %Zf#<,

3] L ||z <p HSIETFME 8] ~Nifidr, 843, pi= |z & LTRICHED,
[4] yi:==sgn (z;) (i=1,2,---,n)

5] AR ATz =y 2R,

6] miax|zi] RIEKT S 0 % i EB <o

7] L o] < 27 7 S 1XTFME [8] ~iEdr, &b 7% <L,

1 (Z - Z‘max)
b; == . .
{ 0 (Z 7£ Zmax)

T

EBOLTEIA 2 KRS,

\
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8] condi(A) = [|AL[[A7 | = [|A]l.p &5 %,

Hager D7)V 3 XL, MATHIDOGEIC, 2ROREOHRICEfEZ 52, {F1k$25 2 L3
MonT\»3 (8], Al BARDTES MATFNCH L CEHBOE M EZ G 2 20, ZHUIER Y
FEIRD RO E VI HHRD FIZIEL v, 24U LT, Hager D 7L3 Y A AL, T OLEH
W7 <. M ATFNCH LTI ICEfE %2 5 2 %,

EREBD  T|A| OHEET A TY XL E LT, 3ODHERIY T, B A
P L 72, HE - BARD T E LINPACK DJFEIZOW T, WEEIEDORIT, X612 2f#
HFHOT7N DY XL TEMIEE L 72, FEHRIZ. RO XkHIcF Do 3,

e Hager DJjiEIE, FIFFICRVHEEMZ 5 2 5, IEMED E4 4 BIFET, LU o@D
T & g U, o5k E N TOEM BN A SN2 RED FRITT T, LAdio
T, aMHHE & D KKEZEREG T 2 5613, Hager DITEDHERETE 2,

e LINPACK D J5ik, 8 LU0 - BERD K, WINDFEMFHOA -5 —%2HET 2
FREORE T, 1ZIFFERTH 2208, A BEARD FIEIZATIID IR S WS I B W
FEZ 5.2 . 195K E WIBAIZIE LINPACK D ED I BMENTH 2, L7zhio> T,
RSN S K, KEZH E ) EHL 2WLA&EICIE, 73 ZALE - 5A%,
F ATV IR E L KEZ2H F D HA L 2 WALEICIZ LINPACK O f5ik% HEXE§
%, B, PBEIEDOINIC X 328133 sk hrotz, - T, FHEREOMW, B X
KX7u 773V 7DLPTIOMT, GHEAZHWE ZEPHERETE 2,
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T A XEERN

Al —REIBEDIEN

A.1.1 {ER vs. IEEE

BeER U o BRE & LT, B 23], R [26) 2SERFIH B, HIFIZI->DERT <,
BBFIEIPPHD L\ EWIFERL WL ) TH B D3

ek [26] IZEZE DR VERDHRIETH > 72, YHRHIEE LD 2L TE 2 h o 75,
BHBIERBEZEE T8> T, ARELERAPTE LA L2 RAT0DE, FHIC
X2¢E THEE, 2HELTEVWALZ) T, 20U EHBRBD 200 Ltk BiEmyT
BELoBEODHTAS L, AL RIGHIZOVWTERIN TV T, &#&#anauio
CTNANXR ) &) M DOFRCNd 2 FE O KGw (R [27]) 3—Ficfid 2 L E8H (&
M2 &R LIC L7722 &, Jordan BEHEROEHICHA iz flib o7 2 &, Lie #f
ANDICHZERR L 722 ezl k313 LEbE D),

PR [23] 13, FEEIISEEL L TFRIM- 720208, R [26) L3k DiESEE ST
BEIThote, R [27] 230 £ TADBMNDLT, Buviohs, @iz 1 X GERHZ 75X
ZHOT, AL 2L L THRT 200MF4G L LTIB L2 o729 Th 5, R
ENTEE YRR BUEANT Y £ DRI D o7t Vw) T xFir e, BRABIEEZHINEEDLIN
5 (Z)VAUF, avEa—%—I X 2B OINEZHI L 72 40 [36] 12 7RIS E D
BEOSEZHE T\ 2), Jordan BHEROEHIZ K T-HIC L > T2 DR, 25 [24) T
B3ESETFEZRAL LT, FHLELTRZNBRELURL LR >TWEZ29TH 3B,

A.1.2 Jordan EX¥H

FHITE o C, Jordan BRHETRAL e 0 I i DEEVIIE o 72, 127 [33] THET 5 2 Ltk o,
flllicbtar Tz k95T (FHEeE L), ZOHIBHZBL CALWVER STV,

A1.3 BEE

PR [13] 13, FITKRFABED AR BN 7 Ao RE Z2 flv T BB E 2 —dE )
MLE) EVIRTH S, REBED N2 PR 5 NITiE, FEROEHAIT R Wb Lk,

Ol EREEDARL DO HAEWTIE T, X o720 Ltk s, EERPEEDROHEDIIZ
r%%%i@$iJm®nﬁ@ﬁ®%ﬁh$.? ZHioTOEDONEE Ty Fol, EREEDADELED
KREIVBLDIEN S,
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A2 BiH>EFHTZEZEZT

HATIEMIPAE ORI, 22T TELEERM, v k) RkAfizoFons L
%L, Ebonpbwv) b, RE ROy 7 757 v PO AHEELZIHY T2 2 L%
WX TH D, RITHIEELD P2 L7 Halmos[6] ZHZ@ML TELSRETHA ), kE, 12
I [33] IS BT 2 FIEEDMRHDH 5, F 7T DRKTH 2 MEEHCERIA DINEE [14] (%,
f 447 Perturbation theory 2> 6 OIKFETH 5,

FFITIRHIWIAIT E s GEFICHIC 3 TRICA>TW S 2%, LIZLIE Strang [30]
FIEA» S OFEZ RN LZcbDE LT, RAEID LTV S,

AN IZREE [11] (ZORIEFFESEINT [12] %> 72, 2011/11/6 X E) HIGHK DR
I3 E R THIEY,, A DO,

PRWARIC 72 553, PHEIEREAE ORI 172 Chatelin [3] b, FEA 72 MO HEH I IIEER
ot

A3 WEABEE

BIfE, HARCHAZBREEL S L. 5 23], el [26) WHEETH 2D (Thnld —
FRIC [26] DF71E, HITH > T, b IFPHHEOGHERTIIHFIE L LTI 2 2 L IEAT]HE
ThHs, EVHIEALH S L) 7, BERIIAL [32] DFFHAIDNE K 9 7203, FEEHIEIERA
EFAT T ED R, ), RLEEL S —DORET, FHICYRZIRVIE->TH 5> XHE
D3> T B (FERE [25], ek [27]). S TCEEH S DM SZEILL D L 2HD% s,

[ CRHEDAAR [1] 1 2d 6 ORIERBATE 2E 2 %2 L TREMAV, ZOXEDOHFTE
HINTOHFE 2] bBECIRETw 5,
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